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The contact problem is investigated when a stamp of sufficiently general confi-
guration is pressed, under the effect of an arbitrary system of forces, into an ela-
stic half-piane with a thin reinforcing layer. It is assumed that the half-plane
is in a state of plane strain or generalized plane stress. Relative to the thin rein-
forcing layer, it is assumed that it bends as an ordinary beam in the vertical di-
rection, while it stretches or is compressed as a bar in the horizontal direction,
In other words, the beam bending model, in combination with the model of the
uniaxial state of stress of a bar is considered valid for the reinforcing layer. In
conformity with the results for thin plates [1, 2], this model has a sufficiently
broad range of applicability and the possible error in the magnitudes of the stress
which it will admit is ordinarily on the order of the ratio 4%/ 1? in the case of
a layer of finite length I , where % is the height of the layer.

Let us discuss some papers bordering on the problem being investigated and
based on the model mentioned.

Let us note that if the reinforcing layer is so flexible that its bending stiffness
can be neglected, then this layer will be deformed as a bar in the uniaxial stress
state. The uniaxial state of stress model of a bar has been proposed in [3] for
application to problems on load transmission from elastic bracing in the form of
small thickness gussets (stringers) to massive bodies which are important for en-
gineering practice.

On the other hand, if the deformation of the reinforcing layer as a bar is neg-
lected by considering that it bends only as a beam, then a model is obtained
which is well known in problems of the theory of bending of beams and slabs on
an elastic basis. without discussing the results and papers from this area of elas-
ticity theory, let us just note that its fundamental achievements have been exa-
mined with sufficient completeness in the monographs {4 —77 and detailed sur-
vey papers [8, 9].

Furthermore, contact problems when the stamp is pressed into a plate resting
freely on an elastic base have been examined in [10].

Finally, let us mention the paper [ 11] in which substantially the same problem
as in the present paper was examined in a somewhat different formulation, The
influence of the reinforcing covering was introduced in the boundary condition
for the half-plane, and the solution of the original problem was reduced to the
solution of a Fredholm integral equation of the first kind for the unknown pressure
under the stamp, An explicit expression for the exact or approximate solution
of this equation was not constructed. According to certain results relative tothe
behavior of the contact stresses near the ends of the stamp, the forces applied to
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the stamp are transmitted to the base by means of concentrated forces and mo-
ments applied to the ends of the contact section, which contradicts the properties
of solutions of boundary value problems of elasticity theory and the results of sin-
gular integral equations theory, Moreover, the known solutions of classical con-
tact problems for a half-plane with inherent singularities at the ends of the stamp
are not obtained from the results in [11] in the absence of the reinforcing cover-
ing. In summary, the results obtained in the paper mentioned are false because
of the incorrect application of the appropriate mathematical apparatus,

An exact solution of the problem posed is constructed in this paper on the basis
of the assumptions presented above, Determination of the distribution laws for
the contact stresses under the stamp and under the reinforcing covering reduces
to solving integral or integro-differential equations with a Cauchy kernel These
solutions are represented outside the stamp and under the reinforcing coating by
using power series, and under the stamp by series in the classical Chebyshev and
Jacobi orthogonal polynomials. Numerical results are presented.

1. Formulation of the problem and derivation of the governing
equations, Let an elastic half-plane under plane strain conditions, with elastic mo-
dulus £, and Poisson ratio v be reinforced at its boundary by a thin covering in the form
of a welded or glued infinite elastic layer of small thickness %. Furthermore, let a stamp
whose base is characterized by a sufficiently

g smooth function f (x) (Fig. 1) be pressed into
& P
P such a hatf-plane subjected to a vertical force
™M £ and a moment M ., Determine the distri-

bution laws for the contact stresses under the
stamp and the reinforcing covering, It is as-
sumed that only normal contact stresses act
under the stamp,

A beam bending model in combination with
the model of the uniaxial state of stress of a
bar is used as the fundamental physical model

Fig, 1 of the reinforcing layer, Since the thickness
of the reinforcing layer is assumed small, for
the beam to have finite bending stiffness it is necessary that the elastic modulus £, of
the layer be sufficiently high, Let us consider that L is generally greater than the elas-
tic modulus #, of the base,

Let us derive the governing equations of the problem posed.

Let g (x) and 7 (z),respectively, denote the normal and tangential contact stresses
applied to the boundary of the elastic half-plane and acting on the lines connecting the
reinforcing layer to the base, The pressure of the stamp on the reinforced elastic half-
plane is denoted by p () and let the contact section be the segment [— a, «l, where
it is assumed that @ > A. Furthermore, let u, (z) and U, (), respectively, denote the
horizontal and vertical displacements of the boundary points of the elastic haif-plane
due to the mentioned loads ¢ (x) and 7 (2).

Considering the reinforcing layer as a beam in bending, let us write the equation ofits

elastic axis as d .
Do =M () (L 1)
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Here v, (r) is the vertical deflection of the beam at the section z, D = E,J is
the beam bending stiffness, 7 is the moment of inertia of the beam cross section, and
M (z) is the bending moment at the section z

M@) ={E—2)g® —pOIE (—co<a<o) (.2

Now, considering the reinforcing layer as a bar in the uniaxial stress state, we obtain
by using Hooke's law (£,{1) is the axial strain in the z section of the bar)
x
=0 1% (Cw<oco) (L.3)

-0

The conditions
v (2) = 0 (2),  dup/dz = &P (002 00)
should hold on the boundary y = 0 of the elastic half-plane and, in combination with
(1. 1), they show that the problem posed is formulated in the form of the relationships

dug/dz = &Y (— 00 <z < 00); dvefdx = f'(x), |z|<a (1.4
DE2_ M), |z|>a
It follows from this and from the known asymptotic formulas [12] for the displacements
for large z that at least
g@) =03, 1@ =03 fo z—o (1. 5)

Taking into account the known formulas for u, () and v, () from [12] as well as
(1. 2) and (1. 3) and also that p (z) = 0 for | | > a, we represent (1, 4) as

o

S 2—‘?{5’-—ﬁoq(:€)=m(x) (— o<z 00) (1. 6)

—_00

oo

d r
S qg(f,) E”rﬁﬂ"( r)=—kf' (x), |z|<a

—ac

oc

d
S %‘%f’%—ﬂor(r)zug(x)» [e]>a

—_00

! 1 1
b hemm k- w T
_ 4wni =2y 2(—w)
ﬁl - E‘x ’ ﬁz - ﬁEz
The following functions have been introduced here
&S] x
h@ = @—He®d o= { T®E (—x<z<o) m

x
g(x)= S u)du, n(x)=— o0 for z<~—a, N(x)=0o0 for z>a  (1.8)
n(x)
The integrals in the left sides of these equations should be understood in the sense of
the Cauchy principal value,
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Let us examine two particular cases of the system (1. 6), Let there be no thin reinfor-
cing covering, which is equivalent to compliance with the condition » = 0. Then, there
results from the last equation of this system that ¢ («) = 0 for {z{>> a, and from the
first equation that v (x) == 0 for | | <_cc. In this case the system (1. 6) passes into the
single equation a

9\ LEE e, (el <o
—i E—z
which agrees with the known integral equation of the classical contact problem on press-
ing of a stamp in an elastic half-space [12 —14].

Now, let the reinforcing layer be so flexible that its bending stiffness can be neglected,
i.e. set D = 0. Moreover, let a horizontal load of arbitrary intensity be applied tosome
segment of the upper face of the reinforcing covering instead of pressing a stamp into a
reinforced half-plane, For definiteness, let us consider that this load is a horizontal force
of magnitude 2, concentrated at the point (0, 2}, Then,as mentioned above, the rein-
forcing layer will be deformed as a bar in a uniaxial state of stress, In this case, there
results from the last equation in the system (1. 6), which holds on the whole axis, that
g ()= 0 for | # | < eo. On the other hand, the first equation of the system (1, 6) goes
over into the following:

{ r@d _ 1 pr s o
# § EE = 2@ PH@) (- <a<o)

where H (z) is the known Heaviside function. The known Melan problem [3] is des-
cribed by this integro-differential equation,

Therefore, the solution of the problem under consideration reduces to the solution of
the system of equations (1. 6), which reduces to known equations in particular cases,

Some conditions resulting from the stamp equilibrium should evidently be appended
to the system (1. 6).

It is easy to see that the pressure p (r) under the stamp is determined by the formula

p) =g+ DAV (x), |z|<a (L9

Making the constraints imposed on the function f (z) specific, let us require that it
has finite derivatives to the fourth order inclusive on the segment, where the first de-
rivative in the interval (— a, a) should satisfy the H3lder condition, Henceforth, some
other constraints, which as a set retain sufficiently great arbitrariness for its selection,
will be imposed on the function f (x) .

Later, only the case of symmetric loading of the stamp will be considered since com-
pletely analogous results are obtained in the case of a skew symmetric loading,

It is easy to see that the function o (x)is even in the case under consideration, while
the function g (x)is odd.

Now, we obtain an equation on the half-line (a, oo)

2 d m‘} 2k

(t—H)w-—% 2 { 2@ 20050y 4 o) oo 10
a

from the last two equations of the system (1. 6) by using the inverse Hilbert transform

formula [ 157 and from the first equation of this system, taking into account the evenness

properties of the functions just mentioned,
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a
Here £ (8) 4%
F,@)=\"m_% (1, 11)
0
In order to obtain the second analogous equation, let us note that we have from the

first equation in (1. 6),again by using the inverse Hilbert transform formula

o d
— @ — @ 1@ = | BT 1=>0 @12

——0

() = b6

where the third equation in the system (1. 6) has been taken into account, It can be

shown that x x
(@) =00 @ +1A2@, 0@= \ ¢®d& Z@= {s®a @13
n(x) n(x)

Taking account of (1. 12) and (1, 13), we obtain the second desired equation, which in
combination with (1, 10) forms the system of governing equations

g(z)= —xog SEEZ + b (@) +%F, (@) (119

a

T(z )=—7V1g(x)+l"08‘1(§)d§‘i P‘IS‘S(E)dE’ A AN

x

Ao 2k Ay =

2
A'o=%v Po= —— 5 Vo= %’ le%"
Therefore, in the case of symmetric loading of a stamp the unknown contact stresses
¢ (x) and T (z) under the thin reinforcing covering in the range a <C z << oo, and
therefore, also in the range — oo <C x <C — q , are determined from the system of
singular integro-differential equations (1. 14) which contains the functions g (r) and
0 (x) related to the functions ¢ (z) and v (x) by means of (1. 7) and (1. 8).
Let us proceed to derive the equations from which the unknown contact stresses g ()
and 1 (z) under the reinforcing covering are determined in the interval (— a, a). To
this end, let us note that we can write

0 = n2—79,2

L0 b0~ —aT (@) ), T froae @1

—a
a

VELZ+ 0t @) = — i/ @ — /2@ —a<a<a

—a
0

f1<x>=x§ T(E)dE + 2& EO% h@ =2 L8
a a a
on the basis of the first two equations of the system (1. 6) and the evenness properties of
the functions ¢ (x) and 7 (z)
The functions 7 (x) and #, (z) are evidently even while the function f, (x) is odd.
Multiplying the first equation in (1. 15) by the imaginary unit / and adding it to the
second equation, we arrive after some elementary computations at the single equation

1 1
ds ; ‘
% xs"(i) ts-—zﬁoxo(t)= - z}»agro(s)ds— Fo(t) (—1<t<t) (1. 16)
t

-1
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Xo(t) = qo(t) + it (t), go(t) = aq(ai) T (t) = 2Zla)

P
2 __ aF{at) , )
Fol)=—5 Fm:kf @ + @) + i@ (s1<a
On the other hand, the stamp equilibrium condition yields the relationship
1
S go{H)dt = A4, A=1+ M (L 17)
-1
Therefore, in the case of symmetric loading of a stamp the unknown contact stresses
(x) and T (&) under a thin reinforcing covering are determined in the interval (— a,
a) after they have been determined in the intervals (— oc, — a) and (a, oo) from
the system (1. 14), from the singular integro-differential equation (1. 16) which should
be considered together with the condition (1. 17).
Let us note that because of the evenness properties of the functions in (1. 16)

Xo(=8) =1%o (t), Fo(—1t)=—Folt) (t1<) (1.18)

The initial system of equations (1. 6) can be converted also into equations of another
kind,

Namely, since the first equation of this system holds on the whole axis, then by using

the Fourier transform the function 7 (z) can be expressed in terms of the function ¢ ().
We consequently obtain

LE—2)g@E)dE (—oo<z L ™) (1. 19)
A

— oy [Ci {ouu) sin dau — si{2u) cos ouu]} , o=

t(x):—ﬁo

“QMS

,_T

L{wy=

Here Ci(x) and si (x) are the cosine and sine integrals, respectively [ 16},
After substituting the expression for T (z) from (1. 19) into the two remaining equa-
tions of the system (1. 6), we have

3 gi(g_)iﬁ — B S LE—2)gE)E =) (—o0 <z 00) (1. 20)

¢ (@) =—kf'(z) upm|x|<e, @(r)=pg(z) wpulr|{>a
Hence, again by using the Fourier transform, we find

— 0
q(x>=*‘7(g +S)R(z—x>g<audz—f’m, (z1> a) (.21

—30 @

R () =~ — <%= {sin (1) Ci () — cos (Bu) (7 -+ si Guo))
A=, p=2 g Bk, Fa= ) RE—D S E%

a3

Thus, the contact stresses ¢ (z) under the reinforcing coating can also be determined
from the integro-differential equation (1. 21) for { 7| > «,

In order to obtain the second equation to determine ¢ (z) in the interval (— «a, «),
let us represent (1. 2) for |z | < e as
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gE)E _ g S L(E—2)q(§)dE=

—a E—= —a
_kf'm—(—Sa +°§)—4—§9§- + ¢ (_S +°§)L(E~x)q(ﬁ)di

Taking into account the expression presented above for L {(u), we arrive at the second

equation desired 1

_Sl [Tj:r +aoQus — )| 90 (0)ds=Ho (11 <) (1.22)
Qo (u) = Ci (aa1u) sin (ac1u) — si (aa1u) cos (aaiu), go (t) = _aq_?()a_t)_
g =2 =B = 2yl

==0 a
7€)de (Iz]<a)
The solution of the integral equation (1, 22) should hence satisfy the condition (1. 17)
as well as the condition resulting from the moment equilibrium of the stamp

H*(:t)z.__kof’(z)—<~§z+§o>[_ai_x —O::’—Qo( &:z):lx

1
S tgo(t)ydt = Ay, Ap= M_zD[af”,(a)——f"(a)]
4 apP

Thus, the contact stresses ¢ (z) under a reinforcing covering can be determined in
the range (— a, a) after they have been determined for | x| >> a from the integro-
differential equation (1, 2) as well as from the integral equation (1. 22) whose kernel is
represented as the sum of a Cauchy kemel and a continuous kernel generated by the func-
tion @, (u).

It is important to note that an integral equation relating to the pressure under the
stamp p (z) is obtained directly from (1.22) by using (1.9). This equation evidently has
the very same structure as (1.22).

Henceforth, we shall consider mainly only the solutions of the system (1. 14) and of
(1. 16) since they are more convenient for the construction of the solution needed in
simple form and reach the goal more rapidly.

Let us discuss one important particular case of the problem posed. Since there are no
tangential contact stresses under the stamp and the thickness of the reinforcing layer is
quite small, it can therefore be asserted with sufficient accuracy that these stresses will
be very small quantities also on the lines connecting the layer to the elastic half-plane,
Then we will have the contact problem of the pressing of a stamp into an elastic strip
of small thickness which lies freely on an elastic base. It is hence assumed that the strip
is in contact with the base along its whole length.

Let us write the governing equations in the particular case mentioned, This problem
is evidently mathematically equivalent to compliance with the condition

dvy d¥s

& =@ Jzi<e DEF=M@), |2>a (1. 29)
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3

va@) =~ (I Lg@a

Furthermore, considering just the case of symmetric loading of the stamp, and proceed-
ing perfectly analogously to the exposition above, we find on the basis of (1. 23), that the
contact stresses ¢ (x) under the reinforcing covering are determined in the interval (a,
oo} from the singular integro-differential equation

24 Eg(B) di 2k £ o4y
q(z) =~ 12?\ T T (@) (e <z oo) <4
a
where the function F, (x) is given by (1. 11). These stresses under the reinforcing co-
vering will be determined in the interval (— ¢, @) from the integral equation

8

1
S qo—'(ifs: —Go(t) (i< (1. 25)

~1

go(t) = ag (at)| P, Go(t) = aG (at) ] P

G@)kﬂﬂ+kgﬂ&§(m<@
Hence, as before, the solution of the integral equation (1, 25) is obtained after the solu~
tion of (1. 24) is known, and should satisfy the condition (1. 17).
Let us note that the integro-differential equation (1. 24) can be reduced to a Fredholm
integral equation of the second kind with a continuous kernel. However, we shall not con-
sider this here,

2. Reduction of the fundamental governing equations to infi=
nite systems of linear algebraic equations and their investiga-
tion, The method of solving the governing equations obtained in Sect, 1 is based on
reducing them to completely, or quasi~completely, regular infinite systems of linear al-
gebraic equations, To this end, let us first tum to the system (1. 14). Starting from (1.5),
let us set * 4 > g

4@ = 2 5k @) = X (<r<w) (2.1
ney T n—yq T
where {A,}ney and {Bx }7?:1 are unknown coefficients to be determined. Taking ac-
count of relationships (L7, (1. 8) and (1. 11}, we hence obtain

oo

1 j ] Bn
1%__’1"(4,12 —1)z 21’ G(x)———‘z‘nwlms (x> 0a) (2. 2)
o < P 4
S“®d§= . w— le@ar= 3 —2
x o -1 2 @1

b a
+(w)=—2;—§,‘; (x> a); bnsgﬁz"“f’@)d!é (n=1.2,..)
n=1 ]

Furthermore, let us introduce the function
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P

IM:S £z (8)dE &> a)

£2 gt
a
we will have

d d
I(2) = S Eg (E) E. +S Ega(i)_zé Siig_(él;iia+

a
X

U Eg®dE S 4 Cppns a2 (BME
Sm:—fg—,—--g—ﬁﬁ ‘g@d”gj" gt

Taking into account the first equation in (2, 2), we find

A 427&—2m+l

I(z) = Z 2“ 2 2m(4m‘-—i)(£n—2m+f) (z>a) (3

Substituting the expressions (2. 1) —(2. 3) into the system (1. 14) and equating corre~
sponding coefficients, we axrive at a system of an infinite number of linear equations

hoal 2
T+ 2= S KO, 4 b b2 3 K= &2 (2.4)
==l n=ap
2 o0
a
Um + %— 2 s?zl;}nyn + 2 Kﬁ?)ﬂzn"’ c(mz" m=1,2,..
= n=y
Here
KW =(n(n—1)Cm—2n+3H1 mn=1,2.))
Ks’?llf)n= 03 ﬂ:i; 21 -»-m; m+2! m+3! "'; 9‘2)“_’ (m + 1)-1
n=m-+1

Kf.=0, n=1,2,..m m+2 m+3, ... Ko =
{(m+1)@Cm+ I a=m41
K@ =0, n=1,2,..m—1, m+2 ... K¥ = —pu,(2m+ 1),
n==m
E®, = 0o (2(m+1)(4m? +8m + 3T, n=m+1
An = @z, B,=a™y, (n=1,2,..)

1
by = a¥™lc,, ¢, = Suzmﬂfu' (au)du (m = 0,1, 2)

i
e = —wyacy,, €2 =0 (m=1,2..)

Let us note that the coefficients {z,, }m—; should satisfy the additional relationship

o

Boh\ 1 Za1 _. 2w
(7”"“”” p.—) — hoa 21 GEDGR I =) ~ & @ (29

which can be considered as some constraint on the function f (x).
Now, let us tumn to the integro-differential equation (1. 16). Its reduction to an infinite
system of linear equations is based on the following integral relations;
1
(Y=13, ¥~ ctg xt Y, —y—
w(:z:) P-r: {2, —Y—1s) ((15) + ;Etl S (t) P(Y 2y —¥—Y{2) (t) — (2. 6)

t—z
—1
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@Esinmy) 1P (1) (it 2, )

()—1—““T Sw

—1

=0 @@= - h(f ey (2D

Here {PS'® ()} (Re (a. B) > — 1) are Jacobi polynomials [16], which are
orthogonal in the segment [—1, 1] with the weight (1 — x)* (1 - z)®.

The validity of (2, 7) follows directly from the fact that the solution of the known
V. A, Abramov contact problem [12] is given by the function w ().

The relationship (2. 6) is also known and follows directly from (16),(20) and (21) in
[16],p. 172, These formulas are also contained in [17}

It should be noted that the derivation of the integral relations (2. 6) and (2. 7) is also
presented in [18 —20} (The fact that (2. 6) and (2, 7) had been established earlier in
[16 —19] was not apparently known to G, Ia. Popov who obtained equivalent relations
in [20].)

Let us represent the integro-differential equation (1. 16) under the condition (1. 17) as

1
, d A i
%o (1) + B2 S""(s) =\ n@d— 5RO i<y @8
¢

s—¢t
~1
where we have put n~! ctg :lw = i/ ¥y. Furthermore, putting y = — i we obtain
_ 1 74 Bo
o= 2:: In n_ﬁo_———ln(B—/w)

According to the property of the function Xo(?) , we can put from (1. 18)

Xo (t) = [wo ()7 [2 P (1) + i 2 vaPily (t)} <1 (2.9)

n=1

wo(t) = (1 — £y (1  tyia, PO () = P 7 (g

where {u,}m_o and {vy}ns, are unknown real coefficients to be determined,
Before proceeding to the determination of these coefficients, let us present the expres-
sion for the integrals 1

K@) = Slwo@? PO@)dy (n—0,1,2, .) (2. 10)

x

Using (38) from [16], p. 175, we obtain at once
K, (z) = (2n)1 (1 — z)ria (1 4 g)imiapUintii® gy 0y o0y (2.10)

Then, by the change of variable y = z + u(1l — z) (—1 < u <{ 1) we evaluate
the integral K (x) separately. We obtain
1

Ko(2)= S('l — y)“/z“i“ ('1 4+ y)—‘/ﬁia dy =

x

1
Y—ia —1/2+ia —1/s—ia 1/ p+i - —1
(1 — z)iia (4 4 gyt §(1—u) fia(] — uz)-Yetia dy (‘z ‘:—+1>

Using the known integral representation of the hypergeometric function (see [21], p.
123, formula (1)), we find after some elementary manipulations
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Ko(@)= (1 — 2iay* (1 —afein (t 4 ajeie F (1, 4; 5 —io, 155) (2.19)

Let us note here that condition (1. 17) yields on the basis of (2, 9)
Uy = %ch na. (2. 13)

Now, let us substitute the expression for the function %4(Z) from (2. 9) into (2. 8) and
let us take account of (2. 6) and (2. 7) as well as (2, 10) —(2. 13), Following the known
procedure, we consequently obtain an infinite system of linear equations

m+ kashna (h 1_5)_1 Z 1 R(ll) U + (2. 14)

0o

z).a sh oL -
—zm () 2 g Tt RV, = d)

(=]

iAa sh o . 1
Vo— —— ig, (Rgmami=3)1 D) FR%)nUn +
n=]1
Aash na sh na e < nl-®
(h m-y 1 8) L n2=12—,;_—__1 sﬁ?)n n= d(m) 2, ..)

Here (I'(x) is the Gamma function)
Up = n1—5Un, Up = nt-V, (0<6<1/2) (n=1,2, ..

m =V 2 (mh)? II‘ (m + -;— + ioc),
a7 = (hgmmi-3)2 Sl C () wy (£)PERt™ ) (1) dt
1

d = (Emami=¥) § € (@), (PSR ) dt, (=1, 2, ).

—1

AaAsh2 L ey —
C)= — 258 E (1 2i0) 1wo(t)F<1, 15 5 — i ‘)—
(1+2ia)‘1w0(t)F<1,1; i A ] 25‘”“"1?.,«)

(1) j
Rm, n = Mzm—j, 2n-1 — sz-j, an—1s Rgﬁ’n =
Momj, ong + N am-j, en-2s  J==1, 2
1
]l/[,m, n= S (1 _ t-z) PS[’”&’ 1y—-ia) (t) Pﬁ/z—ia, Yatia) (t)dt
~1
1
1 —t\%ie (i, o s
Nann= | (1 —22) (G5 PYwi= 19 (1) piivins ) 1) gy
-1
Therefore, the solution of the integro-differential equation (1. 16) under the condition
(1. 17) reduces to the solution of infinite system of linear equations (2. 14).
In the case of the integro-differential equation (1. 24), let us put as before
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- A
gz)= X === @>a)
n==1x

Then the corresponding infinite system of equations will be

a? < z k
+ ny Z n{4n?—1 ; 2nF3) 2a2 Cm
et — 1) {2m —2n -+ 3) P

z,, (m=1,2,.) (2 15)

Its solution should satisfy the condition

o

T
hat 2 et =g = — % (2. 16)

Ko g

In the case of the integral equation (1. 25), let us represent the solution as

Q) =1 — "% X ¢ (t) (t1<1) (2.17)
n=g
Here {7, (f)}nep are Chebyshev polynomials of the first kind.

Furthermore, taking account of the known relationship 161}

1
T, (s)ds

_Sr“:"r—" Vi~ W@ =12

where {U,_1(z)}n=1 are Chebyshev polynomials of the second kind, and by substituting
the expression for ¢,(¢) from (2. 17) into (1. 25), we obtain
1
2 —3
40 = —— S GoO)Upna VT —22dt (n=1,2, .. (2. 18)
-1
The condition (1. 17) hence yields ¢, = 4 / n, from which the setting of the
stamp can be determined as usual [12 — 14].
This remark is not quite exact. We have here in mind only the determination of some
constant analogous to that which enters into the known equation of the plane contact prob-
lem of pressing a stamp into an elastic half-plane ( [13], p. 96, formulas (13) and (14))

a

S o1 pEyde—=_—1)
-~ lt—E} 02
is kept in mind,

If the indefinite constant in the solution of the Flamant problem . yielding the a“so-
lutely rigid displacement of a half-plane, is neglected, then the constant ¢ will agree
with the constant @ (formula (3) on p. 94 in [13]). This last constant can be called the
setting of the stamp, and it can be determined by starting from the mentioned Fredholm
integral equation of the first kind,

For example, in the case of a stamp with a flat base f(z)=0 ,wefind c¢=a =
PO, In 2 / a by using the relationship

¢ 1 dg, .
_Saln Tt Va5 =1 In

Ql[\’)

and the stamp equilibrium condition, This same formula is contained in [13] (p. 20,
formula (73)), where o should be replaced by a/ 8,.
Namely, the above-mentioned remark should be interpreted in the sense elucidated.
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Let us note that after some elementary calculations we will have
k 2 -
a ’ <y :
Go(t) == -p-/ (at)-f*ﬁmé" Xmiﬁ‘m-i‘l’ [t (2.19)
o
xn
Xp= — . (m=0,1,2,..)

- 2m +2n 43

After the coefficients {Z,}n.; have already been determined from the infinite sys-
tem (2. 15), the coefficients {X,,}m=o will be determined by means of them by using
the last formula, Let us note that it is possible to limit oneself to finite series in (2. 19)
for specific computations.

1t should be noted that the inteoral eguation £1, 22) ¢could be considered in n'lnnp of

It should be noted that the integral equation (1. 22) could be considered in place of
the integro-differential equation (1. 16). It is easy to show that the kernel genetated by
the function @, (¢) has first partial derivatives square summable in the square — 1 < ¢,
s < 1. On this basis, it can be proved as in {22, 23] that we obtain a quasi-compiete
infinite system of linear equations in the unknown coefficients by representing the solu-
tion of (1, 22) by a series in Chebyshev polynomials of the first kind, However, the sin-
gularities of the contact stresses ¢, (¢) and therefore, the singularities of the pressure
under the stamp p, () = ap (at) / P at the ends of the segment [—1, 1] will have the
form of a square root instead of the singularities in (2, 9). This last circumstance is ex~
plained by the application of different mathematical apparatus, namely, the apparatus
of Chebyshev and Jacobi orthogonal polynomials which yield finally the same kinds of
singularities (in the form of a square root),

Let us tumn to an investigation of the infinite systems of equations obtained, Let us
first studv the infinite svstem (2 4. To this end, the sum

228U STREY RO JNILAAANE 3SR LS. CIY, uHle

oo

§33) 1 —
2”‘"”",“§|2m«2n+3ln(4n2_1) (m=1,2,..)

n—1

should be estimated,
Proceeding perfectly analogously to the exposition in [23], it can be shown that at least

Sp=0(m1) for m—oo (2. 20)

where ¢ is some arbitrarily small positive number, Therefore, the infinite system (2, 4)
is quasi-completely regular for any values of the parameters Ay, [y, Wy and a where
the order of the decrease in the corresponding sums is given by (2, 20),

M aranusr it ran he chawn that the infinite suctem 792 AY i comnletely reoular under
WIUTCUVEL, i Cil U0 SHUWIR Widl WIT 18032312000 S St030 (& B] 40 VURIPATINAY ST puasie WNiiTl

the condition hoa poa®  Aia? 2
!11“ |
max{TC.(fi)-l—T, o T "3"}<1

where [(s) is a Riemann function [21].

Let us note that these resulfs can be refined,

The investigation of the regularity of the infinite system (2. 14) is based on the asymp-
totic representation formula for Jacobi polynomials [17]

P(ﬁ’ 8) (cos q)) [vs5} (NO(D _ BO) ‘i‘ ~ (n"f'i)’ N —» 00 (vf\‘ 21.)
" V nin(sin Yz @)/ (cos /2 @) V+*P
1
No=n+2E8E1 g 2 tln oco<a
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In this formula it is usually assumed that o and § are real numbers, where o, § >
— 1. However, an analysis of the appropriate results from [17] (pp. 222-224) shows that
(2. 21) is also valid for the complex o and f satisfying the conditions Re (a, fi) >
— 1. starting from (2, 21), asymptotic formulas for large m and n can be obtained for
the kernels {R,(,i’;)n mn=t (i, j = 1, 2) of the infinite system (2. 14). These formulas
have a completely identical structure, and as an illustration, it is enough to limit oneself
to one of them, for example, to the kemel R(“)

4 no (11) __ishzma Ha
RUD, ~ [ h? 2. 22
n Vien—1)0@m—1) 7 Om. —3 Om’n (2.22)

Lshna na
Lshma et | gpe 72 Q‘”’] . 1 oo

sin 2nu cos 2muy (u) du

OMA

T

oW, S sin 2nu sin 2mud (u) du, Q9Pn =
0
T

s

Q& = S cos 2nu sin 2mul (v) du, Q%P, = S cos 2nu cos 2mul (u) du

0

P (u) = sinu {1 — (tgu)], I ()= sinu[l 4 (tg '/, u)®]

Now, let us consider the sum
S Z |Roln| (m=1,2,..)
n=1

By using (2. 22) and the Bessel inequality, it can be shown from the theory of Fourier
series [22] that S,,! = O(m~"+*%) as m — oo. This same formula holds for the other
analogous sums, Therefore, this system is quasi-completely regular for any value of the
parameters in the infinite system (2. 14).

It should be noted that a thorough investigation of the basic properties of a biorthogo-
nal system of functions in the space L,[—1,1] of complex-valued functions generated
by a system of polynomials {P,(/z-ia, Yz+ia) (1) A2 o permits proof of the complete regu-
larity of the infinite system (2. 14) also for some values of the parameters

8. Example, Letushere consider in greater detail the above~mentioned particu-
lar case of the problem being discussed, when a stamp is pressed into an elastic strip of
small thickness which restsfreely onan elastic half-plane. Then, in the case of a sym-
metrically loaded stamp od symmetric configuration, the unknown normal contact stresses
¢ (x) under the strip will be determined from (1. 24) and (1. 25), and the pressure p (z)
under the stamp from (1. 9).

Let us take the function f (x) characterizing the base of the stamp in the form ofthe

polynomial !
J@)= 2 ap? (3.1)
P=0

of arbitrary but fixed degree 2,V which can be used to approximate beforehand the given
function f (x) from the above-mentioned class to any accuracy. Fixing the value ofthe
half-length of the contact section between the stamp and the reinforced half-plane inthe
subsequent discussions, let us set ¢ -= 1. The infinite system of linear algebraic equations
(2. 15) and the additional condition (2.16)which is equivalent to the integro-differential
equation (1.24), hence, respectively, become in the case of the function f(x) from (3.1):
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20

i3 z = 2k
T +-§-§ — n{énz—i}(gn—2n+3} =g tm (m=1,2,..) {3.2)
n=1
(-] xn
* én G hE—zm 2k (3.9)
Here N pa
- P =
cmnglm (m=0,1,2..) (3.4)

The function ¢ (z) , the contact stress under the reinforcing covering outside the stamp,
will be given by the formula -
¥
@)= D -2 (U<z<w) (3.5)
n=i z
continued in an even manner in the interval (— oo, —1).
According to (3, 4), the solution of the infinite system (3, 2) can be represented by

N
n
Im=— 2 2 AT (m=1,2,..) (3. 6)

P=1
where 7 ® (m =1, 2,...;p=1,2,...N) is the solution of the infinite
system " . a:“’) .

(P} n .
z e o 22 {m=1,2, .. 3.7
m -t e n§1 a4nt —132m —2n+3)  2m+p)+1 p=1,2, ..., N)
Condition (3, 3) is written as

N N b (P}
B _ Py - Ta =1, 2,..
£ 2 e Y, = 22”1, Y= 2,‘(@2_“(3“_2”) (P=1,2,.) (3.8
p=1 p==}, Y=}
Thus, one of the coefficients a,(p =1, 2, ..., N) must be determined from

the relationship (3, 8), and the remaining coefficients will be given arbitrarily, As has
already been said, this relationship assures the possibility of representing the function
g () by (3. 5).

After the solution (3, 6) of the infinite system (3, 2) has been determined, after some
algebraic computations, the solution of the integral equation (1. 25) is represented be-
cause of (2, 17) — (2. 19) by the formula

1 P L 2B (4 S
q (2) = V'i_:?%[ HARTA Zerzm(x)] (—t1<z<t) (8. 9)

X
m=1
4 oo
In =5 2 HnnSa (m=1.2,..)
n=0

Hpon=\ U0 OV = Fdt (n=0,1,2, .im=1,2,..)
-1

E(n+ta,  + X, n=012 ... N1
“xtX , n=N, N1, ..

n
= -3

RN *p _
X, = %}W, n=0,1,2, ..
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where the coefficients z, (p = 1, 2, ...) are given by (3. 6). Evidently, we should

have ¢ {(z) > 0 for —1 < z < 1, There hence results that the force P impressing

the stamp cannot be arbitrary and should be subject to some constraint, for example, the

following : o0

P4 2B 1" (1)>n max| X qulom(@)] (3. 10)
P ey

Wwe take h = 0.05 for the numerical computations. Then the moment of inertia of
the cross section of the reinforcing covering J = bh3/ 12, where b is the width of the
section (equal to one in the case of plane strain), has the value 7 = 10.417.107%,

Let the elastic half-plane be fabricated from lead with the elastic modulus £, =
0.17-10% kg/cm? and the Poisson's ratio v = (.42, and let the reinforcing covering be
from the materials, respectively, (a) rolled aluminum with F; = 0.69-10¢ kg/cm?;
(b) aluminum bronze, cast with £; = 1.05.10¢ kg/cm?; (c) chrome-nickel steel with

Ey == 2.1- 10® kg/em? (the Poisson's ratio of the reinforcing layer material piays no
part here).

As regards the specific form of the function f (x), by starting from (3.1) let us
consider the three cases N = 2, N = 3 and N = 4, letusset a; = a3 = &4 = 1 in
all these cases The coefficient o, corresponding to these cases will be determined from
condition (3, 8) and the coefficient a; cannot be given since it does not enter into (3.9),

The calculations were performed on the “Nairi" electronic computer, According to
these calculations, the values of the coefficient a; corresponding to the cases mentioned

ate a —2.5542 —6.7000 —12.3565

b —2.5464 —6.6713 —12.2914
¢ —2.5275 —6.6046 —12.1327

A truncated system of equations (3. 7) with eight unknowns was solved by the Gauss
method corresponding to the mentioned values of &. Then by using these solutions and
the values of the coefficient a, just presented, values of the coefficients z,, (m = 1, 2,
. . .1 8) were calculated by means of {3, 6). It hence turns out that as the value of ¥
increases in each of the given cases {a) = (c), these coefficients first grow noticeably and
then decrease noticeably, On the other hand, for fixed ¥, these same coefficients grow
sufficiently rapidly in each case. The first of the mentioned regularities is illustrated
in the table for case (c).

N 147.2 156.4 166.4 142.1 109.0 7%.3 43.3 17.8
469.7 530.4 596.7 525.8 1.7 285.1 168.0 69.5
969.5 | 1133.7 | 1328.4 | 1198.4 953.7 668.3 397 .4 165.7

It should be noted that the influence of the reinforcing layer in the contact stress dis-
tribution law (3. 9) is actually due to the coefficients =z, .

Then the coefficients gm, #Hm., and §, in (3. 9) and the values of the function ¢ (x)
were calculated by (3. 9) and (3. 5) at some point of their range of variation, The mi-
nimal value of P satisfying condition (3, 10) in all the cases discussed above was hence
found, namely: P . = 3.6140.10% kg, Presented below as an illustration are values of

the function ¢ (z) calculated by means of (3, 9) and (3, 5) in case (c) for N = :
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z 0 0.1 0.3 0.5 0.7
g(x) 561525 580890 742616 1105032 1779174

z 1.04 1,02 104 1.068 1. . .
q () 2793 201 208 thsr 1313 137 134 it %5 g %

Values of the function g (x) in cases (c), remain quantities of approximately the same
order at the same points,

A further analysis of these numerical results shows that the values of the function ¢ (z)
grow rapidly, tending to infinity as z — 1 in each separate case when | z [ <1 as the
argument grows in absolute value. An abmpt drop in the value of this function occurs
upon passage through the point x = 1 .

The values of the function ¢ (z) diminish noticeably in some neighborhood of the
middle of the range (— {,1) in each of the cases under consideration as & increases
A reverse regularity, which is extrapolated outside the range (—1,1) being extended to
values of the function ¢ {z) for | x| >> 1 ,is observed in the neighborhoods of the end-
points of this range. When the different cases (a) — (c) are compared for a fixed value
of N, then a reverse regularity is observed for values of the function ¢ (z) for|z| <1,

Graphs of the function ¢ (z) corresponding to cases {a) — (c) (Fig 2) are constructed
for the above-mentioned values of N on the basis of the numerical results described,
The appropriate parts of the graphs are shown in a magnified scale to represent graphi-
cally the history of the change in this function for jz|> 1.

Let us note that graphs of contact pressure under the stamp, defined by (3. 9), can easily
be constructed,

10°%g Let us note that if we set f{(z) = ay by
a taking account of (3, 1), L e. we considerthe
15 case of a stamp with a flat base, then accord-
ing to (3. 2) and (3. 4) all the coefficients z,,
10 will be zero, and therefore, the contact stres-
L\*f ses under the reinforcing covering outside the
a5 \ stamp will be identically zero. According to
o (1.9), ontheotherhand, p () = ¢ (2) (| z| < 1),
70”34 70“’(}'
T 1%y \ 3 10°% \\ 8
\
] I 15 : 15 \\ Ji
. 10 k\u 2 SPY/RE -
N\ \ e A1 AN
i ! A 05 A
NI TN N2 \N
LN AN 4 0
-8 -4 0 04 08 x KT -g8-04 0 04 08 z 10 M4 &

Fig. 2

and (3. 9) yields the known Sadovskii solution in this case. Therefore, within the frame~
work of the assumptions taken, the reinforcing covering exerts no effect on the distribu-
tion law of the contact pressure under the stamp in the case of a stamp with a flat base,
and moreover, no contact stresses originate under it outside the stamp, However, as the
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stamp base deviates from the rectilinear, the influence of the reinforcing covering on
the contact stress distribution law becomes significant, This fact has been noted above
and is shown in the graphs.

In conclusion, let us note that an investigation of the regularities in the change insize
of the contact section as a function of the outline of the stamp base, as well as of the
elastic and geometric constants of the reinforcing covering and the base, is of interest,
We do not, however, perform this investigation here, It can be carried out by a known
method [12 — 147,
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CYLINDRICAL BENDING OF A PLATE BY RIGID STAMPS
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A periodic contact problem of the cylindrical bending of a plate by rigid stamps
is considered from the aspect of equations of elasticity theory aswell as Kirch-
hoff-Love theory with and without transverse compression of the material in the
contact zone taken into account. Analysis of the solutions obtained permits illu~
mination of the question of the error and of the possibility of using the classical
theory of plates and shells in analyzing contact problems. A comparative ana-
lysis is given of the nature of the distribution and of the magnitude of the stresses
of the plate in the contact zone, of the character of the contact reaction distri-
bution and the dependence between the magnitude of the contact zone and the
force applied to the stamp. The apparatus of integral equations is used in con-
sidering the problem from the aspect of elasticity theory, while the solution is
obtained in closed form by means of Kirchhoff theory.

An analogous problem on the basis of the elasticity theory equations has been
solved in [1] also by a method different from that elucidated below. However,
only sufficiently thick plates (the ratio between the thickness and the character-
istic dimension is not less than 1/,,) are considered there, But a comparison bet-
ween the stresses obtained when using different theories can yield the most cor-
rect answer about the applicability of any theory.

1, Solution on the basis of elasticity theory equations, Letus
consider an infinite plate of thickness % (Fig. 1) occupying the zz plane and loaded by
a system of rigid stamps. The stamps are identical and arranged with a constant spacing
21, have a cylindrical base surface so that the contact occurs over the whole length along



