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The contact problem is investigated when a stamp of sufficiently general confi- 

guration is pressed, under the effect of an arbitrary system of forces, into an ela- 
stic half-plane with a thin reinforcing layer. It is assumed that the half-plane 

is in a state of plane strain or generalized plane stress. Relative to the thin rein- 

forcing layer, it is assumed that it bends as an ordinary beam in the vertical di- 

rection, while it stretches or is compressed as a bar in the horizontal direction. 

In other words, the beam bending model, in combination with the model of the 

uniaxial state of stress of a bar is considered valid for the reinforcing layer. In 

conformity with the results for thin plates [ 1, 21, this model has a sufficiently 

broad range of applicability and the possible error in the magnitudes of thestress 

which it will admit is ordinarily on the order of the ratio hz / 22 in the case of 
a layer of finite length I , where h is the height of the layer. 

Let us discuss some papers bordering on the problem being investigated and 

based on the model mentioned. 

Let us note that if the reinforcing layer is so flexible that its bending stiffness 
can be neglected, then this layer will be deformed as a bar in the uniaxial stress 
state. The uniaxial state of stress model of a bar has been proposed in [S] for 

application to problems on load transmission from elastic bracing in the form of 

small thickness gussets (stringers) to massive bodies which are important for en- 

gineering practice. 
On the other hand, if the deformation of the reinforcing layer as a bar is neg- 

lected by considering that it bends only as a beam, then a model is obtained 

which is well known in problems of the theory of bending of beams and slabs on 

an elastic basis. Without discussing the results and papers from this area of elas- 

ticity theory, let us just note that its fundamental achievements have been exa- 
mined with sufficient completeness in the monographs [4 -71 and detailed sur- 

vey papers [8, 91. 
Furthermore, contact problems when the stamp is pressed into a plate resting 

freely on an elastic base have been examined in [lo]. 

Finally, let us mention the paper [ 111 in which substantially the same problem 
as in the present paper was examined in a somewhat different formulation, The 
influence of the reinforcing covering was introduced in the boundary condition 
for the half-plane, and the solution of the original problem was reduced to the 
solution of a Fredholm integral equation of the first kind for the unknown pressure 
under the stamp. An explicit expression for the exact or approximate solution 
of this equation was not constructed. According to certain results relative to the 
behavior of the contact stresses near the ends of the stamp, the forces applied to 

823 



824 N.Kk..Arutiunian and S.M.iWhitarian 

the stamp are transmitted to the base by means of concentrated forces and mo- 
ments applied to the ends of the contact section, which contradicts the properties 

of solutions of boundary value problems of elasticity theory and the results ofsin- 

gular integral equations theory. Moreover, the known solutions of classical con- 

tact problems for a half-plane with inherent singularities at the ends of thestamp 
are not obtained from the results in [ 111 in the absence of the reinforcing cover- 

ing. In summary, the results obtained in the paper mentioned are false because 

of the incorrect application of the appropriate mathematical apparatus 

An exact solution of the problem posed is constructed in this paper on the basis 

of the assumptions presented above. Determination of the distribution laws for 
the contact stresses under the stamp and under the reinforcing covering reduces 

to solving integral or integro-differential equations with a cauchy kerneL These 

solutions are represented outside the stamp and under the reinforcing coating by 
using power series, and under the stamp by series in the classical Chebyshev and 

Jacobi orthogonal polynomials. Numerical results are presented. 

1, Formulation of the problem and derivation of the governing 
equationr. Let an elastic half-plane under plane strain conditions, with elastic mo- 
dulus E, and Poisson ratio v be reinforced at its boundary by a thin covering in the form 

of a welded or glued infinite elastic layer of small thickness /b. Furthermore, let a stamp 

Fig. 1 

whose base is characterized by a sufficiently 

smooth function f (2) (Fig. 1) be pressed into 

such a half-plane subJected to a vertical force 
1” and a moment M, Determine the distri- 

bution laws for the contact stresses under the 
stamp and the reinforcing covering. It is as- 

sumed that only normal contact stresses act 
under the stamp. 

A beam bending model in combination with 

the model of the uniaxial state of stress of a 

bar is used as the fundamental physical model 

of the reinforcing layer. Since the thickness 
of the reinforcing layer is assumed small, for 

the beam to have finite bending stiffness it is necessary that the elastic modulus E, of 

the layer be sufficiently high. Let us consider that E, is generally greater than the elas- 

tic modulus Es of the base. 

Let us derive the governing equations of the problem posed 
Let q (x) and r (x) , respectively, denote the normal and tangential contact stresses 

applied to the boundary of the elastic half-plane and acting on the lines connecting the 
reinforcing layer to the base, The pressure of the stamp on the reinforced elastic half- 
plane is denoted by p (2) and let the contact section be the segment I-- a, (I], where 
it is assumed that u > h. Furthermore, let us (x) and ~a (z) , respectively, denote the 
horizontal and vertical displacements of the boundary points of the elastic half-plane 
due to the mentioned loads q (z) and ‘t (z). 

Considering the reinforcing layer as a beam in bending, let us write the equation ofits 
elastic axis as D 2 = M (IL.) (1. 1) 
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Here V, (x) is the vertical deflection of the beam at the section x, D = &‘,I is 

the beam bending stiffness, 1 is the moment of inertia of the beam cross section, and 
M (x) is the bending moment at the section x 

M(x) =f(E-x)W-P(WE (-a,<z<w) (1. 2) 
x 

Now, considering the reinforcing layer as a bar in the uniaxial stress state, we obtain 
by using Hooke’s law (~,fl) is the axial strain in the x section of the bar) 

Jc 

et) = i 
hE1 s @WE ( --oo<r<m) (1.3) 

The conditions 
--JD 

Vi (x) = L’s(X), du,/dx = I:’ (- 00 < 2 < 00) 

should hold on the boundary FJ = 0 of the elastic half-plane and, in combination with 

(1. l), they show that the problem posed is formulated in the form of the relationships 

du,/dx = E ‘!’ (-- a co < cri < 03); dv,/dx = f’ (x), 1 z I< a (1.4) 

D$= M(X), ]x]>u 

It follows from this and from the known ~ymptotic formulas [ 123 for the displacement 
for large x that at least 

Q (x) = 0 (x-3), z(x)=O(x-3, for x--r30 (1. 5) 

Taking into account the known formulas for Us (x) and V2 (2) from [12] as well as 

(1. 2) and (1. 3) and also that p (x) ES 0 for 1 x 1 > a, we represent (1.4) as 

O” ~oi)G s --6,q(r)=hs(x) (-co<<<<) 
. 4-x 

The following functions have been introduced here 

h(x)&+E)q($jdL o(x)= 5 z(EJdE (---<<<<I (1.7) 
x -oc, 

g(x)= % h(u) drc, 11 (z) =- ‘~1 for x<- a, q(x) = 30 for x>U (1.8) 
q(x) 

The integrals in the left sides of these equations should be understood in the sense of 
the Cauchy principal value. 
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Let us examine two particular cases of the system (1. 6). Let there be no thin reinfor- 
cing covering, which is equiv~ent to compliance with the condition in. = 0. Then, there 
results from the last equation of this system that 4 (1) - 0 for I z I > a, and from the 

first equation that z 12) z 0 for 1 z 1 -c, CO. In this case the system (1, 6) passes into the 
single equation 

@z_; 
D (5) dE, I.~ _ i’ (.$) 
T&--z 

) lal<a 

which agrees with the known integral equation of the classical contact problem on press- 

ing of a stamp in an elastic half-space [ 12 -141. 
Now, let the reinforcing layer be so flexible that its bending stiffness can be neglected, 

i. e. set D = 0. Moreover, let a horizontal load of arbitrary intensity be applied tosome 

segment of the upper face of the reinforcing covering instead of pressing a stamp into a 

reinforced half-plane. nor definiteness, let us consider that this load is a horizontal force 
of magnitude P , concentrated at the point (0, hj . Then, as mentioned above, the rein- 

forcing layer will be deformed as a bar in a uniaxial state of stress In this case, there 

results from the last equation in the system (1. 6), which holds on the whole axis, that 

4! (5) 3 0 for [ x I < 00. On the other hand, the first equation of the system (1. 6) goes 
over into tne following : 

where H (z) is the known Heaviside function. The known Melan problem [3] is des- 
cribed by this integro-differential equation. 

Therefore, the solution of the problem under con~deration reduces to the solution of 

the system of equations (1.6), which reduces to known equations in particular cases 

Some conditions resulting from the stamp equilibrium should evidently be appended 

to the system (1. 6). 

It is easy to see that the pressure p (x) under the stamp is determined by the formula 

PC4 - 4fx,I -L WY47 t+=- (1. 9) 

Making the constraints imposed on the function f (x) specific, let us require that it 
has finite derivatives to the fourth order inclusive on the segment, where the first de- 

rivative in the interval (- a, a) should satisfy the Halder condition, Henceforth, some 
other constraints, which as a set retain sufficiently great arbitrariness for its selection, 

will be imposed on the function f (x) . 
Later, only the case of symmetric loading of the stamp will be considered since com- 

pletely analogous results are obtained in the case of a skew symmetric loading. 
It is easy to see that the function o (5) is even in the case under consideration, while 

the fUnCtiOn g (x) is odd. 
Now, we obtain an equation on the half-line (a, co) 

from the last two equations of the system (1, 6) by using the inverse Hilbert transform 

formula [ 151 and from the first equation of this system, taking into account the evenness 
properties of the functions just mentioned. 
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Here 
F,(x) = i ‘::(f$ (1. 11) 

0 

In order to obtain the second analogous equation, let us note that we have from the 

first equation in (1. G),again by using the inverse Hilbert transform formula 

z (5) = -g 2(x) O” Q w4 
-zg(x)--&r(4, r(x)= 1 4--2 (IzI>a) (1.12) 

--m 

where the third equation in the system (1. 6) has been taken into account. It can be 
shown that 

r(5)=&Q(x)+hZ@), Q(@= i Q(E)& X(z)= T Q(E)dE (1. 13) 
3(x) n(r) 

Taking account of (1.12) and (1.13), we obtain the second desired equation, which in 
combination with (1. 10) forms the system of governing equations 

q (5) = - ho { yj -I- Pea (4 + YOF+ (4 (1. 14) 
a 

m m 

z (x) = - b? (4 + PO s 4 6) dE -I- CL1 s Q (9 67 a<x<w 

Therefore, in the case of symmetric loading of a stamp the unknown contact stresses 
4 (z) and T (z) under ,the thin reinforcing covering in the range u < LC < 00, and 

therefore, also in the range - 00 < x < - a , are determined from the system of 

singular integro-differential equations (1. 14) which contains the functions g (x) and 

o (2) related to the functions q (cc) and 7 (x) by means of (1. 7) and (1. 8). 
Let us proceed to derive the equations from which the unknown contact stresses q (2) 

and r (x) under the reinforcing covering are determined in the interval (- a, a). To 
this end, let us note that we can write 

= f(4)@ 
s 

--06,q(x)= -U(x)-jf1(2), T(x)= IT(e)& 
E---s 

--a s 
CI 

(1. 15) 

on the basis of the first two equations of the system (1. 6) and the evenness properties of 
the functions q (z). and r (x) 

The functions T (2) and t, (x) are evidently even while the function fs (2) is odd. 
Multiplying the first equation in (1. 15) by the imaginary unit i and adding it to the 

second equation, we arrive after some elementary computations at the single equation 
1 1 s XOWS ---_i60xo(t)= - iha Zo(S)dS--o(t) (-l<t<l) 

s-t s (1. 16) 
-1 t 
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.x0(t) = q*(t) -t_ i%,(t), q@(t) = 9, To(t) = T 
PO(t) = UtE!.jt? (Iti<l); FW= Y’(4 i-12(.@ + VlW (lxI<a, 

On the other hand, the stamp equilibrium condition yields the relationship 

(1. 17) 

-1 

Therefore, in the case of symmetric loading of a stamp the unknown contact stresses 

y (x) and r (L) under a thin reinforcing covering are determined in the interval (- a, 

a) after they have been determined in the intervals (- [x, - a) and (a, oo) from 

the system (1. 14), from the singular integro-differential equation (1. 16) which should 
be considered together with the condition (1.17). 

Let us note that because of the evenness properties of the functions in (1. 16) 

X0(---t)= X0@), F,(--q= --F,(t) (Itl<i) (1. 18) 

The initial system of equations (1. 6) can be converted also into equations of another 
kind. 

Namely, since the first equation of this system holds on the whole axis, then by using 
the Fourier transform the function z (2) can be expressed in terms of the function q (5). 

We consequently obtain 
a, 

z (c) = - 60 
s 

L(5---2)qWdF (--<NC=) 
(1. 19) 

1 j? 
1 

h 
W=~\~- aI [Ci (cxm) sin mu - si (Ziu) Co3 alu] , CL1 =11 -js- 

Here Ci (J) and si (5) are the cosine and sine integrals, respectively [ 16’~. 

After substituting the expression for ‘c (2) from (1. 19) into the two remaining equa- 

tions of the system (1. 6), we have 
53 
* 

\ 
P 14) 4 _&Z m 

. s -_m c--2 -_m 
L(E,-J)QWdE =9(4 (----<<<=J30) (1. 20) 

‘P (%I= - kf’ (~1 npn I T I < a, cp(~)==pg(4 n&-Ii Ixl>a 

Hence, again by using the Fourier transform, we find 

A‘ 
U(u)- u -+ sin (31~) C:i (piu) - cos (/31u) [Jt -+- si (&u)]j 

a 

(1. 21) 

Thus, the contact stresses q (z) under the reinforcing coating can also be determined 
from the integro-differential equation (1. 21) for ( z I > 11 . 

In order to obtain the second equation to determine Q (2) in the interval (- (2. ‘11, 

let us represent (1. 2) for 1 z I < a as 
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a 

s q(E) dE _aos a 
--(I e-5 s L (4 - 4 (I (4) dC = 

-a 

-k~.lri--(ja +I) “:““2” +802 (5 +r) L(c--z)q(QdE 

- a/ --cc a 

Taking into account the expression presented above for L (u), we arrive at the second 
equation desired I 

1 
- + cloQo (s - t)] 4’0 (s) ds = If0 0) (I t I < 1) (1. 22) 

S--t 

*q (4 
Qo (u) = Ci (aaiu) sin (aalu) - si (aalu) cos (naiu), qo (t) = 7 

a1aft0~ kn2 
ao--, ko=7 9 

aH* (at) 
0 

Ho(t)= p 

q (El dk (I 5 I< a) 
The solution of the integral equation (1. 22) should hence satisfy the condition (1. 17) 

as well as the condition resulting from the moment equilibrium of the stamp 
1 

5 
tqo (t) dt = Ao, /lo= ~--~[~fmw-ff”(a)l 

-1 aP 

Thus, the contact stresses q (5) under a reinforcing covering can be determined in 

the range (- a, Q) after they have been determined for 1 z I > a from the integro- 

differential equation (1. 2) as well as from the integral equation (1. 22) whose kernel is 
represented as the sum of a Cauchy kernel and a continuous kernel generated by the func- 

tion Q. (u). 
It is important to note that an integral equation relating to the pressure under the 

stamp p (5) is obtained directly from (1.22) by using (1.9). This equation evidently has 

the very same structure as (I. 22). 
Henceforth, we shall consider mainly only the solutions of the system (1. 14) and of 

(1. 16) since they are more convenient for the construction of the solution needed in 

simple form and reach the goal more rapidly. 

Let us discuss one important particular case of the problem posed. Since there are no 
tangential contact stresses under the stamp and the thickness of the reinforcing layer is 
quite small, it can therefore be asserted with sufficient accuracy that these stresses will 
be very small quantities also on the lines connecting the layer to the elastic half-plane. 
Then we will have the contact problem of the pressing of a stamp into an elastic strip 
of small thickness which lies freely on an elastic base. It is hence assumed that the strip 
is in contact with the base along its whole length. 

Let us write the governing equations in the particular case mentioned. This problem 
is evidently mathematically equivalent to compliance with the condition 

g-rw lzl<u; I+= M(x), lZl>a 
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Furthermore, considering just the case of symmetric loading of the stamp, and proceed- 
ing perfectly analogously to the exposition above, we find on the basis of (1. 23). that the 
contact stresses p (x) under the reinforcing covering are determined in the interval (a, 
m) from the singular integr~diffe~n~al equation 

SW= -$i $(“;: +$Rtz, (n<s<r%J) (1. 24) 
a 

where the function F, (x) is given by (1. 11). These stresses under the reinforcing co- 

vering will be determined in the interval (- a, a) from the integral equation 
I 

s (lo (4 ds -= -Go(t) tit1<1) S-f 
-1 

(1. 25) 

Qo (0 = aq (4 I p, G, (t) = aG (ut) / P 

G(x)= ~~~(x)+~x~~ (I 5 I< 4 
‘ 

Hence, as before, the solution of the integral equation (1. 25) is obtained after the solu- 
tion of (1. 24) is known, and should satisfy the condition (1. 17). 

Let us note that the integro-differential equation (1. 24) can be reduced to a Fredholm 
integral equation of the second kind with a continuous kemeL However, we shafl not con- 
sider this here. 

2. Reduction of the fundrmsntrl governing equation, to Infi- 
nftc cystem: of linear algebraic rquatfonr and their invs#tfgo- 
tion. The method of solving the governing equations obtained in Sect. 1 is based on 
reducing them to completely, or quasi-completely, regular infinite systems of linear al- 

gebraic equations To this end, let us first turn to the system (1. 14). Starting from (1.5), 
let us set m 

q(z)= 2 -& z(x) -- 5 -& !fl<I<W) (2. 1) 
*==r 12= 1 

where {&},“=I and (B,}& are unknown coefficients to be determined. Taking ac- 

count of ~latio~~~ (1. 7),( 1.8) and (1. ll), we hence obtain 

F+(x)=- 2 -$ (5 > a); 
-1 0 

Furthermore, let us introduce the function 
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Taking into account the first equation in (2, 2), we find 

3ubstituting the expressions (2.1) -(2.3) into the system (1, 14) and equating corre- 
sponding coefficients, we arrive at a system of an infinite number of linear equations 

Here pl) 
m, n = [n(ct2 - 1) (2rn - 2n + 3)1-l (VZ, t8 = 1, 2, . ..) 

K$sln -_ 0 f t n=l, 2, *..m, mf2* m+3, ..A &$l= (m+ Q-11 
?&=?F&-j-i 

K’s”’ - 0 
m,n- t n-ni, 2, . . . m, mf2, m+3, . . . . K$Z?%= 

{(m+1)(2+-1)1-‘, n=m+l 

Kt2@ m,n= 9 0 n = 1 2 , ) 1.. m---l, m-+2, . . . . K$&= -+~(2rn$ I)““, 
n=m 

#p) 
m, n =hr~~[2(m+1)(4ns23-8m~3)]‘, n=m+f 

A n = asnx +a? Bn = Py, (n = 1, 2, . ..) 

b ?n+“l = aam+,, c, = i rP+ifU’ (au) du (m = 0, 1, 2.4 

&’ Lf - COCCI, &‘= b (m=i, 2, *..) 

let us note that the coefficients (x~}$_~ should satisfy the additional relationship 

which can be considered as some constraint on the function f (SC). 
Now, let us turn to the integro-diffe~nti~ equation (1. IS). Its reduction to an infinite 

system of linear eauations is based on the following integral relations: 
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(2sinny)-1p~~Y”“‘+Y’(X) (n=l, 2, . ..) 

1 

w (5) + * s w(f) dt - = 0 t-z (w (a) = (1 - z)+/z (1 + x1)-Y4) (2. 7) 
--l 

Here {P? s) (4 )Z=s (Re (a. p) > - I) are Jacobi polynomials [IS], which are 
orthogonal in the segment [ -1, I] with the weight (1 - x)” (1 -I- xc>@. 

The validity of (2. 7) follows directly from the fact that the solution of the known 
V. A. Abramov contact problem [12] is given by the function w (x). 

The relationship (2. 6) is also known and follows directly from (16),(20) and (21) in 

[lS], p. 172. These formulas are also contained in [17] 

It should be noted that the derivation of the integral relations (2. 6) and (2. ‘7) is also 

presented in [18 -201 (The fact that (2. 6) and (2. 7) had been established earlier in 

[16 -191 was not apparently known to G. Ia Popov who obtained equivalent relations 

in [20].) 
Let us represent the integro-differential equation (1. 16) under the condition Il. 17) as 

1 

(2. 8) 
-1 t 

where we have put a-r-l ctg ny = i / 60. Furthermore, putting y = - ia we obtain 

a- &l~=&ln(3-4v) 

According to the property of the function X0(t) , we can put from (1. 18) 

x0(r) = 1~0 @)I-’ [i 422 (t) + i ji 6XL WJ , 1 t 1-c 1 (2. 9) 
n=O 

wow = (1 
_ t):/r+ia (1 + t)l/,-ia, pLYi) = pt;“-i=l -‘/*+ia)(t) 

where {u,}:, and {u~}L~ are unknown real coefficients to be determined. 
Before proceeding to the determination of these coefficients, let us present the expres- 

sion for the integrals 1 

KI(4 = 1 [Wo(Y)r-’ Je”‘(y)~y (n =o, 1, 2, . ..) (2. 10) 
X 

Using (38) from [16], p. 175, we obtain at once 

K,(5) = (272)-l (1 - x)‘+ia (1 + 5)‘i~+iaP~~:l’;~~~‘/l+~~)(~) cn = I, 2, _) (2. 11) 

Then, by the change of variable y = z + ~(1 - z) (-1 < u < 1) we evaluate 
the integral K,(z) separately. we obtain 

K, (5) = S (1 - y)-l/2-ia (1 + y)-%+ia dy = 

x 

1 

(1 - xPia (1 + x)-‘iz+ia s 
(1 _ uy/,-ia(l _ UZp+ia 

n 
au (z = =&) 

Using the known integral representation of the hypergeometric function (see [Zl]. p. 
123, formula (l).), we find after some elementary manipulations 
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K,(x) = (1 - 2io9-I(1 - ++a (1 + +++ia F 1, 1; + _ ia; 9 (2. 12) 

Let US note here that condition (1. 17) yields on the basis of (2. 9) 

us = $ ch rca. (2. 13) 

Now, let us substitute the expression for the function X0(t) from (2. 9) into (2. 8) and 

let us take account of (2. 6) and (2. 7) as well as (2. 10) -(2. 13). Following the known 

procedure, we consequently obtain an infinite system of linear equations 

(2. 14) 

Here (r(r) is the Gamma funCtiOn) 

u, = nl-W n, v, = r.3l-T n (@o<‘/z) (Iz=i, 2, . ..) 

c(t) z - i”;;;02na [ (1 - 2ia)%(t) F 1, 1; + - ia; q) - 
i 

(1 + 2ia)-l w. (t) F (1, 1; + + ia; q\] - y F,(t) 
I 

R(h) 
m,n - - Jffzm-j, 2~1-1 - N,m-j, zn_l; I??‘,, = 
n/rzm-j, V-S + N,m-j, sn_2, i z 1, 2 

1 

fifn,, n = 
s 

(1 _ t2) ppia, ri2-ia)(tj p$-ia, l/ptia)ctjdt 

-1 

N m, 7% = S 

-1 

(1 - tz) ( +$)zia pp, *h-W ttj p$la+ia, Vr-ia) ctj dt 

Therefore, the solution of the integro-differential equation (1. 16) under the condition 
(1. 17) reduces to the solution of infinite system of linear equations (2. 14). 

In the case of the integro-differential equation (1. 24), let us put as before 
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4 (2) = ii --& (5 > a) 
n==1 

Then the corresponding infinite system of equations will be 
m 

TTL 2ak 
n=l n(h2--1)(2m---2n+3)= 7”” (m = 1, 2, . ..) (2. 15) 

Its solution should satisfy the condition 

w2 ii n(4n2_~(3_-21a)= -2kc@ 
n=1 

In the case of the integral equation (1. 25), let us represent the solution as 
OD 

(2,16) 

(2.17) 

Here {L (4 }i& are Chebyshev polynomials of the first kind. 
Furthermore, taking account of the known relationship [IS] 

1 

s T?l fs) ds 
_,(s-x2) y-m = nU,,(x) (n = 1, 2, . ..) 

where {U,_,(z) },“=r are Chebyshev polynomials of the second kind, and by substituting 
the expression for p0 (t) from (2. 17) into (1.25), we obtain 

1 

q(O) = - $. 
11 s G,(t)U,*_,(t)~l -P& (n-1,2, . ..) (2. 18) 

-1 

The condition (1.17) hence yields q. f”) = A / n, from which the setting of the 
stamp can be determined as usual [12 - 141. 

This remark is not quite exact. We have here in mind only the determination of some 
constant analogous to that which enters into the known equation of the plane contact prob- 
lem of pressing a stamp into an elastic half-plane ( [13], p. 96, formulas (13) and (14)) 

a 

s In ,5 & P(4) 4 = c - f (4 
8% 

--a 
is kept in mind. 

If the indefinite constant in the solution of the Flamant problem a @dill;; Lhe a’so- 

lutely rigid displacement of a half-plane, is ne$ected, then the constant c will agree 

with the constant a (formula (3) on p. 94 in [13D. This last constant can be called the 
setting of the stamp, and it can be determined by starting from the mentioned Fredholm 
integral equation of the first kind. 

For example, in the case of a stamp with a flat base f (5) z 0 , we find c = o = 
~8~ In 2 / cz by using the relationship 

and the stamp e~ilibrium condition, This same formula is contained in [la] (p, 20, 
formula (73)). where a should be replaced by a / 6,. 

Namely, the above-mentioned remark should be interpreted in the sense elucidated. 
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Let us note that after some elementary calculations we will have 

Go(t) = Jg f' (at) + -$ fj XmP~m+l, ItI< 
m=o 

x,= i %a 
n=;l 2n1 f 2n _t 3 

(m-O., 1, 2, . ..) 

(2.19) 

After the coefficients ($,j~, have already been determined from the infinite sys- 

tem (‘2.15), the coefficients (X,}z=, will be determined by means of them by using 
the last formula Let us note that it is possible to limit oneself to finite series in (2. 19) 

for specific computations. 

It should be noted that the integral equation (1. 22) could be considered in place of 

the integro-differential equation (I. 16). It is easy to show that the kernel generated by 

the function r& It) has first partial derivatives square summable in the square - 5 < t, 
s < i . On this basis, it can be proved as in [ZZ, 231 that we obtain a quasi-complete 

infinite system of linear equations in the unknown coefficients by representing the solu- 

tion of (1.22) by a series in Chebyshev polynomials of the first kind. However, the sin- 
gularities of the contact stresses go (t) and therefore, the singularities of the pressure 

under the stamp p. (tf = ap (at) / P at the ends of the segment l--l, 11 will have the 
form of a square root instead of the singularities in (2.9). This last circumstance is ex- 
plained by the application of different mathematical apparatus, namely, the apparatus 

of Chebyshev and Jacobi orthogonal polynomials which yield finally the same kinds of 
singularities (in the form of a square root), 

Let us turn to an investigation of the infinite systems of equations obtained Let us 
first study the infinite system (2, 4). To this end, the sum 

&a-- ii lK::fnl= .i,Zm_211+:,n(4n'_L) (m= 1, 2,....) 

n=l 
should be estimated. 

Proceeding perfectly analogously to the exposition in [23], it can be shown that at least 

iS, = 0 (?K+“) for m + co (2. 20) 

where E is some arbitrarily small positive number. Therefore, the infinite system (2.4) 
is quasi-completely regular for any values of the parameters h,,, pa, p1 and CL where 

the order of the decrease in the corresponding sums is given by (2.20). 
Moreover, it can be shown that the infinite system (2.4) is completely regular under 

the condition 
max 

where g(s) is a Riemann function [21]. 
Let us note that these results can be refined, 
The investigation of the regularity of the infinite system (2. 14) is based on the asymp- 

totic representation fOmUla for Jacobi ~1yUOmi~S 117 J 

pzp* 6) (cos cpp) z 
cos’(Nocp - 60) 

f$si* l/2 fpp)%+Ix (CO9 ‘12 q)Yt+P 

f 0 (n-y, n-00 (2.21) 

Np=n+a+;+i, p0=2Fn, O<cp<n 
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In this formula it is usually assumed that cc and p are real numbers, where a, /3 > 
- 1. However, an analysis of the appropriate results from [17] (pp. 222-224) shows that 

(2. 21) is also valid for the complex a and fi satisfying the conditions Re (a, f3) > 
- 1. Starting from (2.21), asymptotic formulas for large m and n can be obtained for 

the kernels {R${‘,,}~,,,=t (i, j - 1, 2) of th e infinite system (2. 14). These formulas 
have a completely identical structure, and as an illustration, it is enough to limit oneself 
to one of them, for example, to the kernel RF)* 

R(“) 4 
m,n= n v/(2n--1)(2m-1) 

ch2 +f Qo$)* i ,;,a Qc$jn + (2. 22) 

7. x 

Q (21) 
m, n = s sin 2nu sin 2mu$ (u) du, Q!if’,, = 1 sin 2nu cos 2mu$ (u) du 

0 0 

x 

Q (21) _ 
m, * - s cos 2nu sin 2mul (u) du, Qzjn = [ cos 2nu cos 2mul (u) du 

q(u) = s:nu[l - (tg ‘I2 u)2ia], I (u) = sin ,“[I + (tg r/s u)~~~] 

NOW. let us consider the sum m 

S$)=ms 2 siR?nI (m=1,2, . ..) 
lX=r 

By using (2. 22) and the Bessel inequality, it can be shown from the theory of Fourier 
series ~221 that S, l1 = O(m-‘/r+s) as m -+ 00. This same formula holds for the other 
analogous sums. Therefore, this system is quasi-completely regular for any value of the 
parameters in the infinite system (2. 14). 

It should be noted that a thorough investigation of the basic properties of a biorthogo- 

nal system of functions in the space L,[-1 ,I] of complex-valued functions generated 
by a system of polynomials {Pn(‘/z-ial %+icr) (t)}Tzo p ermits proof of the complete regu- 
larity of the infinite system (2. 14) also for some values of the parameters 

3. Example. Let us here consider in greater detail the above-mentioned particu- 
lar case of the problem being discussed, when a stamp is pressed into an elastic strip of 

small thickness which rests freely on an elastic half-plane. Then, in the case of a sym- 
metrically loaded stamp od symmetric configuration, the unknown normal contact stresses 

q (ST) under the strip will be determined from (1. 24) and (1. 25), and the pressure p (x) 
under the stamp from (1. 9). 

Let us take the function f (LX) characterizing the base of the stamp in the form ofthe 
polynomial N 

j (r) = 2 apx2P (3. I) 
p=o 

of arbitrary but fixed degree 2,V which can be used to approximate beforehand thegiven 
function f (x) from the above-mentioned class to any accuracy. Fixing the value ofthe 

half-length of the contact section between the stamp and the reinforced half-plane in the 

subsequent discussions, let us set a = 1. The infinite system of linear algebraic equations 
(2. 15) and the additional condition (2.16) which is equivalent to the integro-differential 
equation (1.24), hence, respectively, become in the case of the function f(z) from (3.1): 
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(3.3) 

Here 

(3.4) 

The function P I$) , the contact stress under the reinforcing covering outside the stamp, 
will be given by the formula 

4(x) = i -& (f<z<=) (3.51 
-1 

continued in an even manner in the interval (--- oo, --I). 
According to (3.4), the solution of the infinite system (3,2) can be represented by 

whtxe zm(@ (m = 1, 2, . . .; p = 1, 2 , . . . N) is the solution of the infinite 
system , 00 

d%- "$ 2 

JP) 
II 1 . . . . (3. 71 

n=l ~(4na-1)~2t~-22n+3)r= 2(m f P) + 1 

(m= 1, 2, 
p= 1, 2, . . . . N) 

Condition (3.3) is written as 

Thus, one of the coefficients up @ = 1, 2 , . . . , N) must be determined from 
the relationship (3, 81, and the remaining coefficients will be given arbitrarily, As has 
already been said, this relationship assures the possibility of representing the function 

q (a$ by (3.5X 
After the solution (3. 6) of the infinite system (3.2) has been determined, after some 

algebraic computations, the solution of the integral equation (I. 25) is represented be- 
cause of (2.17) - (2 19) by the formula m 

P + 2Ellf”’ (1) 
n(X)=Y-&z s [ 

- j f&&%(x)] I--lcz< 1) (3.9) 
?R=r 

Qm =f i IT,,.& (m=1,2, . ..) 
n=0 

H m,?l= 1 t=+r tlsm+ ($1 u’j - to& fn=0, f, 2, . . . . 3B=i, 2, . ..) 
--I 

k(n+f)a,,,l+-X,.,, f&=0, *,2, . . . N---l 

n , n=N, iV+i, . . . 
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where the coefficients x1, (p == 1, 2 , . . .) are given by (3. 6). Evidently, we should 
have Q (z) > 0 for -1 ( az < 1. There hence results that the force Y impressing 

the stamp cannot be arbitrary and should be subject to some constraint, for example, the 
following : 

P + 2ElIfvf (1) > fi ;gi ; db&-)~ (3. 10) 
1,1=1 

We take h = 0.05 for the numerical com~tation~ Then the moment of inertia of 
the crass section of the reinforcing covering I = b@ 1 $2, where b is the width of the 

section (equal to one in the case of plane strain), has the value I = 10.417. 1O-8. 
Let the elastic half-plane be fabricated from lead with the elastic modulus & z= 

0.17.106 kg/cm2 and the Poisson’s ratio v = 0.42, and let the reinforcing covering be 

from the materials, respectively, (a) rolled aluminum with E, = 0.69.106 kg/cmz; 
(b) ~u~nurn bronze, cast with E, = I.05.106 kg/cm 2; (c) chrome-nicker steel with 

E, = 2.s. W kg/cm2 (the poisson’s ratio of the reinforcing layer material plays no 
part here), 

As regards the specific form of the function f (s), by starting from (3.1) let us 
consider the three cases N = 2, N = 3 and N = 4. bet us set a, =L a3 = Q = 1 in 

ail these cases The coefficient al corresponding to these cases will be determined from 

condition (3. 8) and the coefficient u. cannot be given since it does not enter into (3.9). 

The calculations were performed on the “Nairi” electronic computer, According to 
these calculations, the values of the coefficient at corresponding to the eases mentioned 

are 
a -2.5542 -6.7000 --12.3565 
b -2.5464: -6.6713 --12.2911 
c -2.5275 -6.6Ol6 --12,1327 

A truncated system of equations (3. 7) with eight unknowns was solved by the Gauss 
method corresponding to the mentioned values of N. Then by using these solutions and 

the values of the coefficient al just presented, values of the coefficients +, (m = 1, 2, 
- . ., 8) were calculated by means of f3.6). It hence turns out that as the value of N 

increases in each of the given cases :a) - EC), these coefficients first grow noticeably and 

then decrease noticeably. On the other hand, for fixed N, these same coefficients grow 

sufficiently rapidly in each case. The first of the mentioned regularities is illustrated 

in the table for case (c). 

N 547.2 456.4 166.4 142.~ -109.0 74.3 43.3 17.8 
469.7 530.4 596.7 525.8 411.7 285.1 168.Q 69.5 
969 . -1 1133.7 1338.4 1198.4 953.7 668.3 397.4 165.7 

It should be noted that the influence of the reinforcing layer in the contact stress dis- 
fribution law (3. 9) is actually due to the coefficients x, . 

Then the coefficients !zmr H mm and S,, in (3. 9) and tne values of the function p (r) 
were calculated by (3. 9) and (3. 5) at some point of their range of variation. The mi- 
nimal value of P satisfying condition (3.10) in all the cases discussed above was hence 
found, namely: Pmin = 3.6140. 106 kg. presented below as an illustration are values of 
the function p (z) calculated by means of (3, 9) and (3, 5) in case (c) for N -2 3 
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Q(x) 2793 2557 2158 1835 1572 1357 1% 32 12 6 
I.01 1.02 1.04 f.06 1.06 1.1 1.6 2.1 2.6 3.01 3$6 

Values of the function q (JZ.) in cases (c), remain quantities of approximately the same 

order at the same points, 

A further analysis of these numerical results shows that the values of the function q fz) 

grow rapidly, tending to infinity as 5 + 1 in each separate case when I x 1 < 1 as the 
argument grows in absolute value. An abrupt drop in the value of this function occurs 

upon passage through the point z = 1 . 
The values of the function q (2) diminish noticeably in some neighborhood of the 

middle of the range (- 1,1) in each of the cases under consideration as N increases 
A reverse regularity, which is extrapolated outside the range f---1,1) being extended to 
values of the function Q (x) for ( z ( > 1 , is observed in the neighborhoods of the end- 

points of this range. When the different cases (a) - (c) are compared for a fixed value 

of N, then a reverse regularity is observed for values of the function q (2) for 1 z I < 1. 
Graphs of the function q (zf corresponding to cases (a) - (c) (Fig 2) are constructed 

for the above-mentioned values of N on the basis of the numerical results described. 

The appropriate parts of the graphs are shown in a magnified scale to represent graphi- 
cally the history of the change in this function for I z I > 1 . 

bet us note that graphs of contact pressure under the stamp, defined by (3. 9), can easily 
be constructed, 

Let us note that if we set f (z) EE a0 by 
taking account of (3, l), i e. we considerthe 

case of a stamp with a flat base, then accord- 

ing to (3.2) and (3.4) all the coefficients z,,, 
will be zero, and therefore, the contact stres- 

ses under the reinforcing covering outside the 

stamp will be identically zero. According to 

(1,9), ontheotherh~d, P b) ES P (2) (I .z I < I), 

Fig. 2 

and (3. 9) yields the known Sadovskii solution in this case. Therefore, within the frame- 
work of the assumptions taken, the reinforcing covering exerts no effect on the distribu- 

tion law of the contact pressure under the stamp in the case of a stamp with a flat base, 
and moreover, no contact stresses originate under it outside the stamp. However, as the 
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stamp base deviates from the rectilinear, the influence of the reinforcing covering on 
the contact stress distribution law becomes significant. This fact has been noted above 
and is shown in the graphs. 

In conclusion, let us note that an investigation of the regularities in the change insize 

of the contact section as a function of the outline of the stamp base, as well as of the 

elastic and geometric constants of the reinforcing covering and the base, is of interest. 

We do not, however, perform this investigation here. It can be carried out by a known 

method [12 - 141. 
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A periodic contact problem of the cylindrical bending of a plate by rigid stamps 
is considered from the aspect of equations of elasticity theory aswell as Kirch- 

hoff-Love theory with and without transverse compression of the material in the 

contact zone taken into account Analysis of the solutions obtained permits illu- 
mination of the question of the error and of the possibility of using the classical 

theory of plates and shells in analyzing contact problems, A comparative ana- 
lysis is given of the nature of the distribution and of the magnitude of the stresses 

of the plate in the contact zone, of the character of the contact reaction distri- 
bution and the dependence between the magnitude of the contact zone and the 
force applied to the stamp. The apparatus of integral equations is used in con- 
sidering the problem from the aspect of elasticity theory, while the solution is 

obtained in closed form by means of Kirchhoff theory. 

An analogous problem on the basis of the elasticity theory equations has been 

solved in [l] also by a method different from that elucidated below. However, 
only sufficiently thick plates (the ratio between the thickness and the character- 

istic dimension is not less than r/,,) are considered there, But a comparison bet- 
ween the stresses obtained when using different theories can yield the most cor- 
rect answer about the applicability of any theory. 

1. Solution on the baria of elraticity theory equations. Let us 
consider an infinite plate of thickness h (Fig. 1) occupying the zz plane and loaded by 
a system of rigid stamps. The stamps are identical and arranged with a constant spacing 
21, have a cylindrical base surface so that the contact occurs over the whole length along 


